Abstract. We prove that Hamiltonian characteristic classes defined as fibre integrals of powers of the coupling class are algebraically independent for generic coadjoint orbits.
Introduction
Let (M, ω) be a closed symplectic manifold of dimension 2n and let (M, ω)
→ B be a Hamiltonian fibration over a simply connected base. It means that the structure group of the fibration is contained in the group Ham(M, ω) of Hamiltonian diffeomorphisms of (M, ω). There exist a cohomology class Ω ∈ H 2 (E) that is uniquely defined by the following two conditions:
, π ! (Ω n+1 ) = 0. It is called the coupling class. The existence of the coupling class and its basic properties are discussed in Guillemin-Lerman-Sternberg [1] and Lalonde-McDuff [5] .
Since the fibre integration is functorial the coupling class is natural in the sense that the coupling class of the pull-back bundle is the pull-back of the coupling class. One defines the following characteristic classes of Hamiltonian fibration
The fundamental question arises if these classes are nontrivial and to what extent are they algebraically independent in the cohomology ring H * (B Ham(M, ω)) of the classifying space of the group of Hamiltonian diffeomorphisms.
The first result about the algebraic independence was proved by Reznikov for CP n (Section 1.3 in [9] ) and it states that the classes µ k are algebraically independent for k = 2, . . . , n + 1. Reznikov also suggested that this result may be true for any coadjoint orbit of a compact Lie group. The main result of the present note states that Reznikov's claim is correct generically. Theorem 1.1. Let G be a compact semisimple Lie group and let [2] or use different arguments [3] .
There exists a nonempty
In Section 3, we provide various examples of coadjoint orbits for which the algebraic independence does or does not hold. The simplest manifolds with the class µ 3 trivial in H * (BG) are the complex grassmannian G(2, 4) of planes in C 4 and the flag manifold SU(3)/T for a certain invariant symplectic form.
1.5. Conventions. Throughout the paper H * (X) denotes the cohomology of X with real coefficients.
When we say that a statement holds for a generic element x ∈ V of an algebraic variety we mean that there exists a Zariski open subset S ⊂ V such that for every element x ∈ S the statement holds. Proof. Consider the following pull-back diagram
) be a generator and let σ = f * (α) for some α ∈ H 2k (BG). Notice that this implies that k > 1. Since the cohomology of BT is generated by classes of degree two the pull back
is a sum of products of classes of degree two. This implies that the cohomology ring H * (E) is generated by degree two classes. Moreover, the inclusion of the fibre induces an isomorphism
We claim that there exists a Zariski open subset of H 2 (E) consisting of classes whose highest power is nonzero. Since taking the highest, i.e. (n + k)-th power defined an algebraic map H 2 (E) → H 2(n+k) (E) = R it is enough to find just one class with nontrivial highest power. Here dim G/T = 2n. Observe that the symmetric map
is nontrivial as H * (E) is generated in dimension 2 and E is closed and oriented. Since any multilinear symmetric map is determined (via the polarisation formula) by a polynomial map, the map
Moreover, these classes cannot be generated by classes of smaller degrees.
Proof. Let ξ ∈ g ∨ be an element such that its coadjoint orbit M ξ is diffeomorphic to a flag manifold G/T. It follows from Lemma 2.2 that for each k ∈ K the class µ k (E) ∈ H * (S 2k ) is nonzero for ξ in an open and dense subset of g ∨ . Taking the intersection of these subsets for all k ∈ K we obtain an open and dense subset for which the classes are nontrivial for Hamiltonian fibrations over spheres. Since these classes don't vanish on spheres they cannot be generated by classes of smaller degrees. The algebraic independence follows from the fact that H * (BG) is a free polynomial algebra.
2.4. The general case. The cohomology ring H * (BG) is isomorphic to the ring of the invariants S(g ∨ ) G of the Lie algebra of G and to the ring of polynomials S(t ∨ ) W on the Lie algebra of the maximal torus T ⊂ G invariant under the action of the Weyl group. Let M ξ be the coadjoint orbit of ξ ∈ g ∨ . Then every class
is the Hamiltonian function for the action on the coadjoint orbit M ξ generated by X ∈ g. The following lemma follows from Kędra-McDuff [3, Lemma 3.6 and Lemma 3.9].
Lemma 2.5. Let X ∈ g. The following formula holds true. Remark 2.8. Observe that p ξ,k (X) defines a bi-invariant polynomial of degree k on the tensor product g ⊗ g ∨ . The algebra of G-biinvariant polynomials on g ⊗ g ∨ is isomorphic to the algebra of polynomials on t ⊗ t ∨ bi-invariant for the Weyl group of G.
There are two interesting Zariski open subsets of the dual Lie algebra t ∨ of the maximal torus T ⊂ G. One consists of those elements giving flag manifolds as coadjoint orbits. And this is just the union of the interiors of the Weyl chambers. The other consists of elements such that the characteristic classes associated with their coadjoint orbits are algebraically independent. In the next section we discuss examples showing that this two sets do not contain each other. In particular, the algebraic independence holds not only for flag manifolds.
3. Examples 3.1. Coadjoint orbits of SU(n). As we mentioned in the introduction Reznikov proved that the classes µ k are algebraically independent in H * (B Ham(CP n−1 )) for k = 2, . . . , n (see Proposition 1.7] for an alternative proof). Hence it follows that these classes are also algebraically independent for any coadjoint orbit of SU(n) which is close to CP n−1 .
3.2.
The failure of the algebraic independence. Checking directly whether a class µ k is a polynomial in lower degree classes seems to be complicated in general. However, one can make an interesting claim if dim H 2k (BG) = 1. The latter condition is always true for a simple compact Lie group G and k = 2, and for a single odd number k if G has one of the groups SU(n), SO(4k + 2) or E 6 as a factor. We shall discuss concrete examples in the next sections. Proof. It follows from the hypothesis and the isomorphism H * (BG) = S(g ∨ ) G that the polynomial u is unique up to a constant. Since the polynomial p ξ,m (X) is bi-invariant on the tensor product g ⊗ g ∨ there exists a degree m invariant polynomial v on g such that
Because p ξ,m (−) is nontrivial for a generic ξ we get that the polynomial v is nonzero. Hence p ξ,m (X) is trivial if and only if u(ξ) = 0. Proof. The algebra S(su(n)) SU(n) of invariant polynomials is generated by the polynomials of the form
where X i ∈ C are the eigenvalues of the matrix X. Hence any invariant polynomial of degree three is up to a constant equal to ∑ X 3 i . It follows from Proposition 3.3 that the orbit of a vector for which the above polynomial is trivial has vanishing class µ 3 . This include grassmannians G(m, 2m) since it is (up to a scalar) the adjoint orbit of the diagonal matrix X = diag[i, . . . , i, −i, . . . , −i]. Taking a generic zero of the above polynomial we obtain flag manifolds for which the class µ 3 is trivial.
3.7. Coadjoint orbits of SO(2n). Let SO(2n) → SO(2n + 1) → S 2n be the bundle of the orthonormal frames with respect to the standard round metric. The associated bundle
admits a fibrewise symplectic form due to Reznikov [8] (see also Kędra-Tralle-Woike [4] for a more general statement). This symplectic form restricts to the symplectic form on the fibres and it represents the coupling class. Since it is nondegenerate the fibre integral of its top power is nonzero in H 2n (S 2n ). Thus the class µ n (E) is a nonzero multiple of the Euler class of the tangent bundle of S 2n .
It follows that the class µ n is also nontrivial for an orbit in a neighbourhood of SO(2n)/U(n). In particular, for every subgroup H = ∏ U(n i ), with ∑ n i = n, there is an SO(2n)-invariant form on SO(2n)/H such that the class µ n is nonzero. )) is indecomposable. Moreover, the class µ 2 is nontrivial, due to Corollary 2.6. Hence these classes are algebraically independent and their pull backs generate H * (BSO (8)).
3.9. Coadjoint orbits of SO(4n + 2). Let t ⊂ so(4n + 2) be the Lie algebra of the maximal torus given by the skew symmetric matrices with 2 × 2-blocks on the diagonal. Hence an element ξ ∈ t may be represented by an (2n + 1)-tuple [t 1 , . . . , t 2n+1 ] of real numbers.
We have dim π 4n+2 (BSO(4n + 2)) ⊗ Q = 1 and the corresponding characteristic class is defined by the Pfaffian. When restricted to the Lie algebra t, the Pfaffian is, up to a constant, equal to the product of coordinates. This proves the following. 
An application to lattices in semisimple groups
Let G be a semisimple Lie group, K ⊂ G a maximal compact subgroup and Γ ⊂ G an irreducible cocompact lattice trivially intersecting K. Let M ⊂ G c be a maximal compact subgroup of the complexification of G. Let H ⊂ K be the isotropy subgroup of ξ ∈ k ∨ . We have a Hamiltonian bundle
classified by a map Γ\G/K → BK. It was observed by Okun [7] 
